x0. Review of Surgery Theory.
Surgery theory is a method for constructing manifolds satisfying a given collection of homotopy conditions. It is usually combined with the s{cobordism theorem which constructs homeomorphisms or di eomorphisms between two similar looking manifolds. Building on work of Sullivan, Wall applied these two techniques to the problem of computing structure sets. While this is not the only use of surgery theory, it is the aspect on which we will concentrate in this survey. In dimension 4, there are two versions, one in which one builds topological manifolds and homeomorphisms and the second in which one builds smooth manifolds and di eomorphisms. These two versions are dramatically di erent. Freedman has shown that the topological case resembles the higher dimensional theory rather closely. Donaldson's work showed that the smooth case di ers wildly from what the high dimensional theory would predict. Surgery theory requires calculations in homotopy theory and in low dimensions these calculations become much more manageable. In sections 0 and 1, we review the general theory and describe the general results in dimensions 3 and 4. In sections 2 through 6, we describe precisely what the high dimensional theory predicts. Finally, we describe the current state of a airs for the two versions in sections 7 and 8.
To begin, let (X; @X) be a simple, n{dimensional Poincar e space whose boundary may be empty. In particular, X is homotopy equivalent to a nite CW complex which satis es Poincar e duality for any coe cients, with a twist in the non{orientable case, and simple means that there is a chain map X; @X]\: Hom Z 1 (X)] (C (X); Z 1 (X)]) ! C n? (X) which is a simple isomorphism between based chain complexes, 85]. This is the homotopy analogue of a manifold. Let CAT stand for either TOP, the topological category, or DIFF, Both authors were partially supported by the N.S.F.
the di erential category. There is also the category of PL{manifolds, but it follows from the work of Cerf, 18] , that in dimension 4 PL is equivalent to DIFF, so we will rarely discuss PL here. Remark: One can use the homotopy extension theorem to tighten up the de nition: one can restrict to manifolds M with @M = L and with maps f such that fj @ = h; Fj @ can be required to be the identity and the homotopy between f 1 F and f 0 can be required to be constant on L. Finally, base points may be selected in each component of M, X, @M and @X and all the maps and homotopies may be assumed to preserve the base points. This is a useful remark in identifying various fundamental groups precisely rather than just up to inner automorphism.
The questions now are whether the set S CAT (X; rel h) is non{empty (existence) and if non{empty, how many elements does it have (uniqueness). The only 1 and 2 dimensional Poincar e spaces are simple homotopy equivalent to manifolds, 26], 27], and this is conjecturally true in dimension three, 81]. In general, the Borel conjecture asserts that this is true for aspherical Poincar e spaces in all dimensions (see the discussion of Problem 5.29 in 47] and the articles in 28]).
There are bundle{theoretic obstructions to S CAT (X; rel h) being non{empty. Every Poincar e space has a stable Spivak normal bration, 75], which is given by a map X : X ! BG. This is the homotopy analogue of the stable normal bundle for a manifold. The space BG can be thought of as the classifying space for stable spherical brations, or as the limit of the classifying spaces of G(m), the space of homotopy automorphisms of S m?1 . There is a map BCAT ! BG and a necessary condition for S CAT (X; rel h) to be non{empty is that X lift to BCAT. Given a homotopy equivalence between a CAT{manifold and a Poincar e space, X, Sullivan, 77] , constructs a homotopy di erential, a speci c lift of X . The lift to BCAT gives a stable CAT bundle over X and the lift gives a speci c bre homotopy equivalence between the associated sphere bundle to and the Spivak normal bration X . With data as above, the Sullivan homotopy di erential gives an explicit lift of @X to BCAT: a second application of this yoga gives a map N: S CAT (X; rel h) ! L CAT (X; rel h) where L CAT (X; rel h) is the set of homotopy classes of lifts of X to BCAT which restrict 2 to our given lift over @X . Boardman & Vogt, 6] In the simply connected case, the only obstruction in dimensions congruent to 0 mod 4 is the di erence in the signatures of M and X, so L s 0 (Z) is Z and the map is given by 3 ( (M)? (X))=8. In dimensions congruent to 2 mod 4, do surgery to the middle dimension, put a quadratic enhancement on the kernel in homology and take the Arf invariant to get an invariant in L s 2 (Z) = Z=2Z. The simplest example is the degree one map from T 2 to S 2 with stable normal map given by framing the stable normal bundle to S 2 and taking the \Lie framing" of the stable normal bundle to T 2 de ned as follows: identify a normal bundle to T 2 with the product of two stable normal bundles to S 1 and frame each of these with the framing that does not extend over D 2 x1. The Low Dimensional Results.
If n < 5, sets S CAT (X; rel h) are de ned below so that Theorem 2 remains true if the sets S CAT are used instead of the sets S CAT . By construction there will be a map CAT : S CAT (X; rel h) ! S CAT (X; rel h) and the failure of surgery in low dimensions is the failure of CAT to be a bijection.
It is a fortuitous combination of calculations of Wall groups, the classi cation of manifolds and the result that 2{dimensional Poincar e spaces have the homotopy type of manifolds, 26], 27], that Theorem 2 holds as stated for n = 1 and 2. After this remark, we restrict attention to the three and four dimensional cases. In dimension 4, Freedman's work shows TOP is a bijection for \good" fundamental groups; Donaldson's work shows DIFF is not bijective for many 4{manifolds. These points are discussed below in sections 7 and 8.
A mantra of four{dimensional topology is that \things work after adding S 2 S 2 's": a mantra of three{dimensional topology is that \surgery works up to homology equivalence". The results below lend some precision to these statements. Remark: In dimension 4, there is another version of \stably CAT equivalent" that appears sometimes in the literature. One might say M 1 and M 2 were \stably CAT equivalent" if M 1 #rS 2 S 2 was CAT equivalent to M 2 #rS 2 S 2 . We will rarely discuss this concept, but will say M 1 and M 2 are weakly, stably CAT equivalent when we do. We say M 1 and M 2 are stably CAT equivalent if there is a CAT equivalence h: M 1 #rS 2 S 2 ! M 2 #rS 2 S 2 and a homotopy equivalence, f: M 1 ! M 2 , such that f#r1 S 2 S 2 is homotopic to h. As an indication of the di erence, consider that the Wall group acts on our stable structure set (non{trivially in some case as we shall see below), whereas the top and bottom of a normal bordism are always weakly, stably CAT equivalent since such a bordism has a handle decomposition with only 2 and 3 handles. It is also easy to give examples of weakly, stably TOP equivalent, simply connected manifolds which are not even homotopy equivalent since there are many distinct de nite forms which become isomorphic after adding a single hyperbolic.
Kreck to make H as connected as possible and then calculate that this new bordism can be built from 2 and 3 handles.
These bordism groups depend only on the algebraic data, but their calculation can be di cult. One easy case is when M is orientable (! 1 = 0) and the universal cover is not Spin. x2. Calculation of Normal Maps.
Given the structure of the surgery exact sequence, we need to be able to compute the space of homotopy classes of maps from complexes into G=TOP and G=O. Standard homotopy theory tells us how to do this in principle.
The rst step in this program is to calculate the homotopy groups of these spaces.
The surgery sequence helps in this analysis. One can further see that iff(k) = 0, then the map N ! G=TOP factors through a map N ! G=O.
Let X be a connected 4{dimensional Poincar e space. The maps in (6) One can show that g 3 evaluates non{trivially on 3 (BG) = Z=2Z. The generator of groups of the boundary and the image of the fundamental class of X in the homology of the fundamental group rel the fundamental group(s) of the boundary. One of these groups will be a quotient of L 5 and will act freely on the structure set so that the quotient injects into the set of normal maps. Another acts freely on the smooth structure set so that the orbit space injects into the topological structure set. Yet another gives a piece of the set of normal maps. The results of Quinn and Ranicki are one of the major developments in general surgery theory and provide the following description of the surgery obstruction map.
A Poincar e space with a lift of its Spivak normal bration to BTOP acquires a fundamental class in a twisted, n{dimensional extraordinary homology theory, L 0 . The theory L 0 is a ring theory and there is a theory, Lh1i, so that X=@X; G=TOP ] is the 0{th cohomology group for Lh1i{theory and \D is just the usual Poincar e duality isomorphism given by cap product with the fundamental class, \ If X has the homotopy type of a manifold, x can be chosen so that (x) = 0 and in general this approach divides the problem into a homotopy part and an algebraic part, A ;w 1 . Since A ;w 1 is a purely algebraic object, one can attack its analysis via algebra or via topology by using known structure set calculations. As an example, the Poincar e conjecture for n 5 says S TOP (S n ) has one point and one sees that the assembly map for the trivial group must be an isomorphism for this to work.
For analyzing the 4{dimensional case, we need to understand Lh1i 4 and Lh1i 5 ; the 3{ dimensional case requires that we also understand Lh1i 3 . The Atiyah{Hirzebruch spectral sequence for Lh1i collapses for < 8 since all the di erentials are odd torsion: hence, for any space Y and w 1 The sequences (9) for various n clearly only depend on and w 1 . conjecture implies that, if B is a nite Poincar e complex, then A ;w 1 is split injective. Both of these conjectures are known to be true in many examples.
Here is a table of some sample calculations. In all cases of Table 11 By the surgery theory in the last section, the image of^ is a single point, denoted (X; rel h). Let X be a CAT{manifold and use the identity as a base point in S CAT (X; rel h).
Brum el, 9], shows that, in X=@X; G=CAT], (17) N
A similar formula holds for the action on the stable structure sets. Remarks: Since` can be checked to induce the identity on X=@X; G=CAT], this formula and (17) determine the action of` on the TOP{normal maps. If X is oriented, the DIFF{ normal maps are a subset of the TOP ones, so this formula determines the action on the DIFF{normal maps as well. In the non{orientable case, there is a Z=2Z in the kernel of the map from the DIFF{normal maps to the TOP ones and the Novikov{Cochran{Habegger formula does not determine the normal invariant.
Let HE + 1 (X; rel @x) denote the subgroup of HE + (X; rel @X) generated by the` . Remark: Theorem 19 shows that except for a Z=2Z related to stable triangulation, there is an upper bound for S TOP (X; rel h)=HE + 1 (X; rel @X) which depends only on \fundamental group data". Corollary 20. Suppose Q 5 ( 1 (X); w 1 (X); D X ) = 0 and K 4 ( 1 (X); w 1 (X)) = 0. Then the set S TOP (X; rel h)=HE + (X; rel @X) = S TOP (X; rel h)=HE + 1 (X; rel @X) has one element if e X is Spin, and two elements with di erent triangulation obstructions if it is not. Any simple homotopy equivalence f is homotopic to the composition of a homeomorphism and an element in HE + 1 .
Notice that the action of on S DIFF preserves the HE and can be obtained from 32] , showed that the high dimensional theory of surgery and the high dimensional s{cobordism theorem hold in the TOP{category in dimension 4 for certain fundamental groups. As of this writing, there are no known failures of either surgery theory or the s{cobordism theorem in the TOP{category in dimension 4.
We say CAT{surgery works in dimension n for fundamental group , provided that, for any n{dimensional Poincar e space X with fundamental group , the map CAT : S CAT (X; rel h) ! S CAT (X; rel h) is a surjection; we say the CAT{s{cobordism works in dimension n for fundamental group , provided that, for any n{dimensional Poincar e space X with fundamental group , the map showed 4 (TOP(4)=O(4)) = 0, thus computing the last of the \geometrically interesting" homotopy groups. Using these results, Quinn, 32] , then went on to show that transversality works inside of topological 4{manifolds. Freedman had already completed a program of Scharlemann, 73] , by showing that transversality worked in other dimensions when the expected dimension of the result was 4. After this, the standard geometric tools were available in dimension 4 and TOP{surgery and the TOP{s{cobordism theorem now worked for trivial fundamental group. Freedman, 31] , then introduced capped{grope theory which he used to extend the fundamental groups for which TOP{surgery theory and the TOP{s{cobordism theorem work. There is a nice general result, explained in 34] . Following that exposition, we say that a group, , is NDL, for Null Disk Lemma, provided that, for any height 2 capped grope, G, and any homomorphism, : 1 (G) ! , we can nd an immersed core disk, so that all the double point loops map to 0 under . Theorem 23. If is an NDL group, then TOP{surgery and the TOP{s{cobordism theorem work in dimension 4 for .
Freedman & Teichner, 34] , check that any extension of an NDL group by another NDL group is itself NDL, and they check that a direct limit of NDL groups is NDL. Transparently, subgroups of NDL groups are NDL, and, since 1 (G) is a free group, quotients of NDL groups are NDL. Hence subquotients of NDL groups are NDL and a group is NDL i all its nitely{generated subgroups are. Finally, the main result of 34], is Theorem 24. Groups of subexponential growth are NDL.
It is possible that all groups are NDL. Since any nitely{generated group is a subquotient of the free group on 2 generators, all groups are NDL i the free group on 2 generators is. An equivalent formulation, which might make the result seem less likely, is that all groups are NDL i each height 2 capped grope has an immersed core disk with all double point loops null homotopic.
Among the groups satisfying NDL are the nite groups, Z, Q and nilpotent groups.
There do exist nilpotent groups of exponential growth 47, Problem 4.6 ].
Free groups on more than one generator are not known to be NDL and this causes a great many other geometrically interesting groups to be on the unknown list. Surface groups for genus 2 or more are examples of such groups. The free product of two groups, neither of which is trivial, is either Z=2Z Z=2Z = Z Z=2Z (and is NDL) or has a free subgroup of rank 2 (and is not known to be NDL). Hence the fundamental groups of most connected sums of 3{manifolds are not known to be NDL. Among the irreducible 3{ manifolds, many are hyperbolic by Thurston, 82] , and many of these have incompressible surfaces: the fundamental groups of such manifolds are not known to be NDL. Even if some group fails to be NDL, it is not clear that TOP{surgery must therefore fail for it. In Freedman & Quinn 32] there is a di erent condition whose truth would yield surgery and the s{cobordism theorem. It is possible that this condition could yield results even if the Null Disk Lemma were to fail. Quinn 69] has a nice discussion of the current state of a airs regarding the groups for which surgery and/or the s{cobordism theorem works.
In Kwasik & Schultz, 55] . Surprisingly, there are no counterexamples known to us of the smooth s{cobordism theorem failing in dimension 4, but this is probably due to our inability to construct smooth s{cobordisms.
It may be worth remarking that two 4{dimensional results from the past now can be pushed down one dimension. Barden's old observation that an h{cobordism from S 4 to itself is a smooth product can be made again to observe any h{cobordism from S 3 to itself is a topological product. Thomas On the other hand, it was known in the 1970's to Casson (and others?) that in a smooth 4-manifold M with no 1-handles, the only obstruction to representing a characteristic class of square one by a PL embedded 2-sphere with one singularity with link a knot of Alexander polynomial one, was the Arf invariant of the knot (that is, M 1 mod 16). Once Donaldson showed that non-diagonal de nite forms were not realized by smooth 4-manifolds, then in CP 2 blown up at 16 points, any characteristic class of square 1 cannot be represented by a smoothly embedded 2-sphere. Hence there must be an Alexander polynomial one knot which is not smoothly slice in a homology 4- Shortly after Freedman's breakthrough in 1981, Donaldson made spectacular progress in the smooth case. We soon learned that neither DIFF{surgery nor the DIFF{s{cobordism theorem holds, even for simply connected smooth manifolds. In the next fteen years, we learned a great deal more, but the overall situation has only become more complex from the point of view of surgery theory.
Existence: Donaldson's rst big theorem, 22], severely limited the forms which could be the intersection form of a smooth, simply connected 4-manifold. Any form can be stably realized and as soon as the form is inde nite, they are completely classi ed. In the Spin case, the forms are 2mE 8 Conjecturally equivalent basic classes were also de ned using Seiberg-Witten invariants, 86], and these classes were shown to be equivalent by Taubes, 78] , to classes de ned via Gromov's pseudoholomorphic curves. Although the set of basic classes can be as simple as the zero class in H 2 (M; Z) for the K3 surface, the classes can be as complicated as Alexander polynomials are, 29]. The isometry induced on H 2 (M; Z) by a di eomorphism must take each basic class to ( a, possibly di erent, basic class).
There can be further restrictions, beyond those determined by the basic classes, to realizing homotopy equivalences by di eomorphisms. For example, any K3 surface has additional restrictions, see 25, Corollary 9.14, p.345 ]. The homeomorphism of K3 which is the identity except on an S 2 S 2 summand and is antipodal antipodal on the S 2 S 2 summand cannot be realized by a di eomorphism. However, it follows from 35], that a subgroup of nite index in the group of isometries of the intersection form of K3 is realized by di eomorphisms.
As of this writing, work in the smooth case is continuing at a feverish pace and is hardly ripe for a survey. For many smooth manifolds we now know the minimal genus smooth embeddings representing any homology class; see Kuga 54] 
